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Summary

Combinatorial Optimization Problems:
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Location.

Online Computation and Competitive Analysis:
e Facility Location family problems,
e Steiner family problems,
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Summary

Combinatorial Optimization Problems:

e Facility Location, Steiner Tree, Connected Facility
Location.

Online Computation and Competitive Analysis:
e Facility Location family problems,
e Steiner family problems,

e Online Connected Facility Location problem.

Competitive Analysis of the Online Single-Source Rent-or-Buy
algorithm.
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Combinatorial Optimization Problems

Problems with an objective function to be minimized or
maximized.
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e Steiner Tree problem,

e Connected Facility Location problem.
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Combinatorial Optimization Problems

Problems with an objective function to be minimized or
maximized.

Minimization problems in which we are interested:
e Facility Location problem,
e Steiner Tree problem,

e Connected Facility Location problem.

These problems are NP-hard and constant factor
approximation algorithms are known for them.
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Facility Location Problem
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Facility Location Problem

min Zf +Zd(} F?)

i€EFa jeD
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Facility Location Problem

min Z f(i)+ Z d(j, F?)

icF? JjeDb

Total cost = 2
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Facility Location Problem

min Z f(i)+ Z d(j, F?)

icF? JjeDb

Total cost =2 + 3
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Facility Location Problem

min Z f(i)+ Z d(j, F?)

icF? JjeDb

Total cost =2 + 3 = 5.
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Steiner Tree Problem
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Steiner Tree Problem
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Steiner Tree Problem
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Steiner Tree Problem

Total cost = 3.
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Connected Facility Location Problem

M=1.5
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Connected Facility Location Problem
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Connected Facility Location Problem

min Zf +Zdj,l-_a )+ M Z d(e

ieF? jeb ecE(T

Total cost = 2
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Connected Facility Location Problem

M=1.5 /..'| 1

min Zf +Zdj,l-_a )+ M Z d(e

ieF? jeb ecE(T

Total cost =2 + 4
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Connected Facility Location Problem

M=1.5 /..'| 1

min Zf +Zdj,l-_a )+ M Z d(e

ieF? jeb ecE(T

Total cost =2 +4 + 6
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Connected Facility Location Problem

M=1.5 /..'| 1

min Zf +Zdj,l-_a )+ M Z d(e

ieF? jeb ecE(T

Total cost =2 + 4 4+ 6 = 12.
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Online Computation

Parts of the input are revealed one at a time.
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Online Computation

Parts of the input are revealed one at a time.

Each part must be served before the next one arrives.
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Online Computation

Parts of the input are revealed one at a time.
Each part must be served before the next one arrives.

No decision can be changed in the future.
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Competitive Analysis

Worst case technique used to analyze online algorithms.

LOCo/IC/UNICAMP — April 13, 2015 — Online Facility Location and Steiner Problems — Mario César San Felice



Competitive Analysis

Worst case technique used to analyze online algorithms.
An online algorithm ALG is c-competitive if:
ALG(I) < c- OPT(/) + &,

for every input / and some constant k.
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Online Problems

Minimization problems in which we are interested:
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Online Problems

Minimization problems in which we are interested:

e Online Facility Location (OFL),
Online Prize-Collecting Facility Location (OPFL).
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Online Problems

Minimization problems in which we are interested:
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e Online Steiner Tree (OST),

Online Single-Source Rent-or-Buy (OSRoB),
Online Steiner Tree Star (OSTS).
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Online Problems

Minimization problems in which we are interested:

e Online Facility Location (OFL),
Online Prize-Collecting Facility Location (OPFL).
e Online Steiner Tree (OST),
Online Single-Source Rent-or-Buy (OSRoB),
Online Steiner Tree Star (OSTS).

e Online Connected Facility Location (OCFL).
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Results Summary

Problems relationship and our results:
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Results Summary

Problems relationship and our results:

OST

VAR

OPFL OSTS OSRoB
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Results Summary

Problems relationship and our results:

OFL OST

N

OPFL |[OSTS _OSRoB

OCFL
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Online Facility Location Problem
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Online Facility Location Problem

min Y " f(i)+ > d(j,a(j))

icF? Jjeb

Total cost = 2
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Online Facility Location Problem

min Y " f(i)+ > d(j,a(j))

icF? Jjeb

Total cost =2 +2 + 2
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Online Facility Location Problem

min Y " f(i)+ > d(j,a(j))

icF? Jjeb

Total cost =2 + 2 + 2 = 6.
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Online Facility Location Results
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Online Facility Location Results

There are O(log n)-competitive algorithms known for it.
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Online Facility Location Results

There are O(log n)-competitive algorithms known for it.

We show a primal-dual (4 log n)-competitive algorithm by
Fotakis [2007] and by Nagarajan and Williamson [2013].
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Online Facility Location Results

There are O(log n)-competitive algorithms known for it.

We show a primal-dual (4 log n)-competitive algorithm by
Fotakis [2007] and by Nagarajan and Williamson [2013].

There is a lower bound of Q < log n ) due to Fotakis [2008].

loglogn
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Online Facility Location LP Formulation
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Online Facility Location LP Formulation

Linear programming relaxation

min > cp F(D)Yi+ X jep Doicr AU )X
st. x;i <y forje D and i€ F,
YierXi=>1 forjeD,
yi > 0,x; >0 forje DandicF,
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Online Facility Location LP Formulation

Linear programming relaxation

min > cp F(D)Yi+ X jep Doicr AU )X
st. x;i <y forje D and i€ F,
YoicrXi=>1 forjeD,
yi > 0,x; >0 forje DandicF,

and its dual

maX jeD Oéj

s.t. ZJ.GD(QJ- —d(j,N)" <f(i) forieF,
aj >0 for j € D.
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Online Facility Location Algorithm

Algorithm 1: OFL Algorithm.

Input: (G, d, f, F)
F2 <+ 0; D < 0;
while a new client j' arrives do
increase «j until one of the following happens:
(a) ay = d(J, 1) for some i € F?; /* connect only */
(b) £(i) = (e — d(', 1)) + > 2;ep(dU, F?) — d(j, i)™ for
some i € F\ F?; /* open and connect */
F?« FPU{i}; D+ DU{j'}; a(j’) < 1
end
return (F? a);

LOCo/IC/UNICAMP — April 13, 2015 — Online Facility Location and Steiner Problems — Mario César San Felice



Online Prize-Collecting Facility Location
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Online Prize-Collecting Facility Location

min Zf +Zdj, +Zp(]

ieFa jebe jebrp
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Online Prize-Collecting Facility Location

min Y (i) + Y d(j,a()) + Y p(i)

ieFa jebe jebrp

Total cost = 2
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Online Prize-Collecting Facility Location

min Y (i) + Y d(j,a()) + Y p(i)

ieFa jebe jebrp
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Online Prize-Collecting Facility Location
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Online Prize-Collecting Facility Location

min Y (i) + Y d(j,a()) + Y p(i)

ieFa jebe jebrp
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Online Prize-Collecting Facility Location

min Y (i) + Y d(j,a()) + Y p(i)

ieFa jebe jebrp

Total cost =2 + 2 + 2 = 6.
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OPFL Results
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OPFL Results

We proposed the problem and showed a primal-dual
(6 log n)-competitive algorithm for it.
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OPFL Results

We proposed the problem and showed a primal-dual
(6 log n)-competitive algorithm for it.

Since it is a generalization of the OFL, the lower bound of
Q <|ogﬁ,gn> applies to it.
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OPFL LP Formulation
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OPFL LP Formulation

Linear programming relaxation

min > e F()Yi+ X jep Dier dUs D)X +225cp PU)Z
st. x;i <y, forje D and i€ F,
D= = 4 2 for j € D,
yi >0,x; >0,zz>0 forjec DandicF,
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OPFL LP Formulation

Linear programming relaxation

min > e F()Yi+ X jep Dier dUs D)X +225cp PU)Z
st. x;i <y, forje D and i€ F,
D= = 4 2 for j € D,
yi >0,x; >0,zz>0 forjec DandicF,

and its dual
maxXx jeD Q;
st. D ieplay —d(, )" < f(i) fori€F,
a; < p(j) for j € D,
a;j >0 for j € D.
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OPFL Algorithm

Algorithm 2: OPFL Algorithm.

Input: (G, d, f, p, F)

D« (; F? + 0,

while a new client j' arrives do

increase «j until one of the following happens:

(a) ajy = d(j', 1) for some i € F?; /* connect only */
(b) £(1) = (a — d(7' 1)) + X, cp(min{d(j, F2), p(i)} —
d(j,i))* for some i € F\ F?; /* open and connect */
(c) aj = p(J"); /* pay the penalty */

(in this case i is choose to be null, i.e., {i} = 0)

Fo« FPU{i}; D« DU{j'}; a(j) « i,

end
return (F? a);
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Online Steiner Tree Problem
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Online Steiner Tree Problem
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Online Steiner Tree Problem
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Online Steiner Tree Problem
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Online Steiner Tree Problem

Total cost = 2
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Online Steiner Tree Problem

Total cost = 2

LOCo/IC/UNICAMP — April 13, 2015 — Online Facility Location and Steiner Problems — Mario César San Felice



Online Steiner Tree Problem

Total cost =2 + 2
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Online Steiner Tree Problem

Total cost =2 + 2 = 4.
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Online Steiner Tree Results
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Online Steiner Tree Results

There are O(log n)-competitive algorithms known for it.
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Online Steiner Tree Results

There are O(log n)-competitive algorithms known for it.

We show a greedy [log n]-competitive algorithm by Imase and
Waxman [1991].
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Online Steiner Tree Results

There are O(log n)-competitive algorithms known for it.

We show a greedy [log n]-competitive algorithm by Imase and
Waxman [1991].

There is a lower bound of Q(log n) due to Imase and
Waxman [1991].

LOCo/IC/UNICAMP — April 13, 2015 — Online Facility Location and Steiner Problems — Mario César San Felice



Online Steiner Tree Algorithm

Algorithm 3: OST Algorithm.

Input: (G, d)

T < (0,0); D« 0;

while a new terminal j arrives do
T <« T U{path(j, V(T))}; /* connect */
D+ DuU{j};

end

return T;
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Online Single-Source Rent-or-Buy Problem
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Online Single-Source Rent-or-Buy Problem

mmZZd —I—/\//Zd

JED ecE(P())) ecE(T
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Online Single-Source Rent-or-Buy Problem

mmZZd —I—/\//Zd

JED ecE(P())) ecE(T
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Online Single-Source Rent-or-Buy Problem

mmZZd —I—/\//Zd

JED ecE(P())) ecE(T

Total cost =1
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Online Single-Source Rent-or-Buy Problem

mmZZd —I—/\//Zd

JED ecE(P())) ecE(T

Total cost =1
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Online Single-Source Rent-or-Buy Problem

mmZZd —I—/\//Zd

JED ecE(P())) ecE(T

Total cost =1+ 7.5
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Online Single-Source Rent-or-Buy Problem

mmZZd —I—/\//Zd

JED ecE(P())) ecE(T

Total cost =1+ 7.5
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Online Single-Source Rent-or-Buy Problem

mmZZd —I—/\//Zd

JED ecE(P())) ecE(T

Total cost =1+75+1
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Online Single-Source Rent-or-Buy Problem

mmZZd —I—/\//Zd

JED ecE(P())) ecE(T

Total cost =1+75+1
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Online Single-Source Rent-or-Buy Problem

mmZZd —I—/\//Zd

JED ecE(P())) ecE(T

Totalcost=1+75+1+1
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Online Single-Source Rent-or-Buy Problem

mmZZd —I—/\//Zd

JjeD ecE(P())) ecE(T

Total cost =1+75+1+1=10.5.
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Online Single-Source Rent-or-Buy Results
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Online Single-Source Rent-or-Buy Results

There is a sample-and-augment 2[log n|-competitive algorithm
by Awerbuch, Azar and Bartal [2004].
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Online Single-Source Rent-or-Buy Results

There is a sample-and-augment 2[log n|-competitive algorithm
by Awerbuch, Azar and Bartal [2004].

We show that algorithm and a simpler analysis for it.

LOCo/IC/UNICAMP — April 13, 2015 — Online Facility Location and Steiner Problems — Mario César San Felice



Online Single-Source Rent-or-Buy Results

There is a sample-and-augment 2[log n|-competitive algorithm
by Awerbuch, Azar and Bartal [2004].

We show that algorithm and a simpler analysis for it.

Since this problem is a generalization of the OST, the lower
bound of Q(log n) applies to it.
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Online Single-Source Rent-or-Buy Algorithm

Algorithm 4: OSRoB Algorithm.

Input: (G, d, r, M)
T < ({r},0); P« 0; D <+ 0; D™ < 0;
while a new terminal j arrives do
include j in D™ with probability
if j € D™ then
| T <« T U{path(j, V(T))}; /* buy edges */
end
P(j) < path(j, V(T)); /* rent edges */
P PU{P()};
D« DuU{j};

end
return (P, T);
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Online Steiner Tree Star Problem
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Online Steiner Tree Star Problem
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Online Steiner Tree Star Problem
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Online Steiner Tree Star Problem
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Online Steiner Tree Star Problem

Total cost =1
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Online Steiner Tree Star Problem

Total cost =1
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Online Steiner Tree Star Problem

Total cost =1+ 5
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Online Steiner Tree Star Problem

Totalcost =1+5+2+1+1=10.
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Online Steiner Tree Star Results

We proposed the problem and showed a 3ﬂog2 n]-competitive
algorithm for it, for n > 17.
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Online Steiner Tree Star Results

We proposed the problem and showed a 3ﬂog2 n]-competitive
algorithm for it, for n > 17.

Since it is a generalization of the OST, the lower bound of
Q(log n) applies to it.
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Online Steiner Tree Star Algorithm

Algorithm 5: OSTS Algorithm.

Input: (G, d, f)

initialize ALGopy, with (G, d, f, V);

TC« (0,0); T< <+ (0,0); D+ 0;

while a new terminal j arrives do

send j to ALGopr;

if a(j) is not in V(T°) then
T¢ «+ TeU{edge(a(j), V(T ))}; /* connect internal
node */

end

7%« T*U{edge(j,a(j))}; /* connect leaf */

D+ DU{j};

end
T+ TCUTx
return T;
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Online Connected Facility Location Problem

M=1.5
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Online Connected Facility Location Problem

M=1.5

min > i)+ > _d(,a()+M Y d(e)

icFa jeD ecE(T)
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min > i)+ > _d(,a()+M Y d(e)

icFa jeD ecE(T)

Total cost =1
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Online Connected Facility Location Problem

f=1

M=1.5

min > i)+ > _d(,a()+M Y d(e)

icFa jeD ecE(T)

Total cost =1
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Online Connected Facility Location Problem

min > i)+ > _d(,a()+M Y d(e)

icFa jeD ecE(T)

Total cost =1 + 1
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Online Connected Facility Location Problem

min > i)+ > _d(,a()+M Y d(e)

icFa jeD ecE(T)

Total cost=1+1+ 75
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Online Connected Facility Location Problem

min > i)+ > _d(,a()+M Y d(e)

icFa jeD ecE(T)

Total cost=1+1+ 75
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Online Connected Facility Location Problem

min > i)+ > _d(,a()+M Y d(e)

icFa jeD ecE(T)

Totalcost =1+1+75+1
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Online Connected Facility Location Problem

min > i)+ > _d(,a()+M Y d(e)

icFa jeD ecE(T)

Totalcost =1+1+75+1
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Online Connected Facility Location Problem

M=

min > i)+ > _d(,a()+M Y d(e)

icFa jeD ecE(T)

Totalcost =1+ 14+75+1+2
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Online Connected Facility Location Problem

M=

min > i)+ > _d(,a()+M Y d(e)

icFa jeD ecE(T)

Totalcost =1+14+75+1+2=125.
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OCFL Results

We proposed the problem and showed a sample-and-augment
18[log n]-competitive algorithm for it.
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OCFL Results

We proposed the problem and showed a sample-and-augment
18[log n]-competitive algorithm for it.

We also showed that the same algorithm has competitive ratio
7[log n] for the special case in which M = 1.
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OCFL Results

We proposed the problem and showed a sample-and-augment
18[log n]-competitive algorithm for it.

We also showed that the same algorithm has competitive ratio
7[log n] for the special case in which M = 1.

Since this problem is a generalization of the OST, the lower
bound of Q(log n) applies to it.
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Algorithm 6: OCFL Algorithm.

Input: (G, d, f, F, r, M)
set f(r) < 0 and initialize ALGopy, with (G, d, f, F);
send r to ALGopr; F? < {r}; T < ({r},0);
while a new client j arrives do
send j to ALGopyr; /* update virtual solution */
include j in D™ with probability ﬁ;
if j € D™ then
T <= T U{path(j, V(T))}; /* connect new facility */
if v(j) is not opened then
| PP FPPU{vO)E T < TU{(v(). )}
end
end
choose i € F? that is closest to j; D <— DU {j}; a(j) < 1;
end
return (F?,a, T);




Analysis of the OSRoB Algorithm
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Analysis of the OSRoB Algorithm

We are going to show the following result.

E[ALGOSROB(Dn)] S 2|—|Og n-l OPTSROB(Dn) o

LOCo/IC/UNICAMP — April 13, 2015 — Online Facility Location and Steiner Problems — Mario César San Felice



Analysis of the OSRoB Algorithm
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Analysis of the OSRoB Algorithm

We want to compare

ALGosres(Da) =Y > d(e)+M > d(e

JEDn e E(Py())) e€E(Ty)

= R(D») + B(D»)
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Analysis of the OSRoB Algorithm

We want to compare

ALGosres(Da) =Y > d(e)+M > d(e

JEDn e E(Py())) e€E(Ty)

= R(D») + B(D»)

with

OPTsgop(D Z Z d(e) + M Z d(e

JEDn ecE(P;())) ecE(Ty)

— R*(D,) + B*(D,) .
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Remembering the OSRoB Algorithm

Algorithm 7: OSRoB Algorithm.

Input: (G, d, r, M)

T < ({r},0); P« 0; D <+ 0; D™ < 0;

while a new terminal j arrives do

include j in D™ with probability

if j € D™ then

| T <« T U{path(j, V(T))}; /* buy edges */
end

P(j) < path(j, V(T)); /* rent edges */

P PU{P()};

D« DuU{j};

end
return (P, T);
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Analysis of the OSRoB Algorithm
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Analysis of the OSRoB Algorithm

Note that

RO =Y S de)

JEDn ecE(Py()))

= 3 G V(Tap)) = > r() -

jeD,\Dm Jj€D,
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Analysis of the OSRoB Algorithm

Note that

=2 2 )

JEDn ecE(P,(j))

> dU,V(Tagy) = () -

JjED,\D? JjeD,

Also, note that

=M > de)

ecE(Ty)
=M > d(j,V(Typ-1)) = > b(j)
jebpm j€Dpn
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Analysis of the OSRoB Algorithm

Now we bound the expected buying cost.

E[B(D,)] < [log "|OPTsren(D,) -
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Analysis of the OSRoB Algorithm

Demonstracao. I
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Analysis of the OSRoB Algorithm

Demonstracio |
E[B(D)] = E | > b()| <ME | d(j, V(Tag)1))

Jjebm JjeEDM
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Analysis of the OSRoB Algorithm

Demonstracio |
E[B(D)] = E | > b()| <ME | d(j, V(Tag)1))

Jjebm JjeEDM

< ME[ALGost(D;")] < M[log n] E[OPTsr(D;")]
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Analysis of the OSRoB Algorithm

Domorsroeio ]
ElB(D [z b S 40 V(T ]
J

eDm jebm

< ME

< ME[ALGost(Dy")] < M{log n] E[OPTsr(D

< (547

n

+ E Z d J, n(j)
JED)T
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Analysis of the OSRoB Algorithm

Demonstracao. I

< ME

E[B(D [Z b(j

eDm

> d, V(Tog ]

JjeDr

< ME[ALGost(D)] < MJlog n| E[OPTgr(D?

< M{log n] (B —i—E[Z d(, V(T ])
= [log n] (B*(Dn)—i-MZdOVMn(J))
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Analysis of the OSRoB Algorithm

Demonstracao. I

< ME

eDm

E[B(D [Z b(j

Z d(j, V(Tag ]

< ME[ALGost(D)] < MJlog n| E[OPTgr(D?

< M{log n] (B —i—E[Z d(, V(T ])
= [log n] (B*(Dn)—i-MZdOVMn(J))
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Analysis of the OSRoB Algorithm

Demonstracao.

< ME

> d, V(Tog ]

JjeDr

E[B(D [Z b(j

eDm

< ME[ALGost(Dy")] < M{log n] E[OPTsr(D

n

< Mlog (B +E [Z 90, V(T D
— Tlog n] (B*(m) +MY W)

— [log ] (B*(D,) + R*(D,))

= “Og n—l OPTSROB(Dn) .
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Analysis of the OSRoB Algorithm

And now we bound the expected renting cost.

E[R(Dn)] < E[B(D,)] -
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Analysis of the OSRoB Algorithm

Demonstracao.
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Analysis of the OSRoB Algorithm

Demonstracao.

Let E[x(j)|n(j) — 1] be the random variable x(j) conditioned
to the first n(j) — 1 random choices of the algorithm. Thus
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Analysis of the OSRoB Algorithm

Demonstracao.

Let E[x(j)|n(j) — 1] be the random variable x(j) conditioned
to the first n(j) — 1 random choices of the algorithm. Thus

ElrG)InG) — 1] = 22 d( V(To)
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Analysis of the OSRoB Algorithm

Demonstracao.

Let E[x(j)|n(j) — 1] be the random variable x(j) conditioned
to the first n(j) — 1 random choices of the algorithm. Thus

M,\;ld(j, V(Tai)))

< d(j, V(Tagy-1))

E[r()In() — 1]
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Analysis of the OSRoB Algorithm

Demonstracao.

Let E[x(j)|n(j) — 1] be the random variable x(j) conditioned
to the first n(j) — 1 random choices of the algorithm. Thus

M,\;ld(j, V(Tai)))

< d(j, V(Tagy-1))

= M, V(Tog)) < E[bG)InG) —1]

E[r()In() — 1]
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Analysis of the OSRoB Algorithm

Demonstracao. |

Let E[x(j)|n(j) — 1] be the random variable x(j) conditioned
to the first n(j) — 1 random choices of the algorithm. Thus

M,\;ld(j, V(Tai)))

< d(j, V(Tagy-1))

= M, V(Tog)) < E[bG)InG) —1]

E[r()In() — 1]

Since this holds for any outcome of the first n(j) — 1 random
choices of the algorithm, it holds unconditionally. So
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Analysis of the OSRoB Algorithm

Demonstracao.

Let E[x(j)|n(j) — 1] be the random variable x(j) conditioned
to the first n(j) — 1 random choices of the algorithm. Thus

ElrG)InG) — 1] = 22 d( V(To)

< d(j, V(Tagy-1))

= AlﬂMd(', V(Tagy-1)) < E[b()[n() — 1] .

Since this holds for any outcome of the first n(j) — 1 random
choices of the algorithm, it holds unconditionally. So

E[R(D,)] = > E[r())] < Y E[b(j)] = E[B(D,)] -

JEDn JED,
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Analysis of the OSRoB Algorithm

Demonstracao. |
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Analysis of the OSRoB Algorithm

Demonstracao. |

Using the two previous lemmas we have that:
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Analysis of the OSRoB Algorithm

Demonstracao. |

Using the two previous lemmas we have that:

E[ALGosros(Dn)] < E[R(Dn)] + E[B(D,)]
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Analysis of the OSRoB Algorithm

Demonstracao.

Using the two previous lemmas we have that:

E[ALGosros(Dn)] < E[R(D,)] + E[B(Dy)]
S 2“Og n—l OPTSROB(Dn) .
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Conclusions

The main results:

e a primal-dual (6 log n)-competitive algorithm for the
OPFL, to appear on LAGOS 2015;
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e a primal-dual (6 log n)-competitive algorithm for the
OPFL, to appear on LAGOS 2015;

e a 3[log® n]-competitive algorithm for the OSTS, for
n>17;

e a sample-and-augment 18[log n|-competitive algorithm
for the OCFL (and deterministic 7[log n]-competitive
algorithm for the special case in which M = 1).
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e Our first results for the OCFL appeared on LATIN 2014.
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Conclusions

The main results:

a primal-dual (6 log n)-competitive algorithm for the
OPFL, to appear on LAGOS 2015;

a 3[log” n]-competitive algorithm for the OSTS, for
n>17;

a sample-and-augment 18[log n|-competitive algorithm
for the OCFL (and deterministic 7[log n]-competitive
algorithm for the special case in which M = 1).

Our first results for the OCFL appeared on LATIN 2014.

Our final results were submitted, under invitation from
LATIN 2014 chair, to an special issue of Algorithmica.
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